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ABSTRACT. The same-order type 7.(G) of a finite group G is a set formed of the
sizes of the equivalence classes containing the same order elements of G. In this
paper, we study an arithmetical property of this set. More exactly, we outline some
results on the classification and existence of finite groups whose same-order types
are arithmetic progressions formed of 3 or 4 elements, the latter being the maximum
size of such a sequence.
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1. Introduction. Let G be a finite group and let n > 2 be an integer. We
denote the order of an element = of G and the cyclic group of order n by o(z)
and C,, respectively. The study of the element orders of G is a very popular topic
nowadays. During the last years, a lot of results concerning the nature/structure
of G were described via different tools involving its element orders. In this paper,
we focus on the same-order type of G, i.e. the set of sizes of the equivalence classes
with respect to an equivalence relation “ ~ 7 defined as follows:

Va,yeGrx~y<o(r)=o(y).

We denote the same-order type of G by 7.(G), as it was suggested in [12].
Obviously, 7.(G) = {1} if and only if G is trivial or G = Cy. Small sizes of same-
order types may be used to detect the nilpotency or the solvability of finite groups.
More exactly, in [11] (see Theorems 2.1 and 3.7), Shen proved the following two
main results:

THEOREM 1.1. Let G be a finite group such that 7.(G) = {1,n}. Then G is
nilpotent and G is isomorphic to one of the following groups:

(1) a p-group P with |P| > 3 and exp(P) = p;
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(2) the quaternion group Qg;
(3) the cyclic group Cy;

(4) a direct product Cy x Py, where Py is a p-group with exp(Py) = p, for an odd
prime p.

THEOREM 1.2. Let G be a finite group such that 7.(G) = {1,m,n}. Then G is
solvable and G is isomorphic to one of the following groups:

(1) a p-group with same-order type {1,m,n};

(2) the cyclic group Cia;

(3) the special linear group SL(2,3);

(4) the direct product C7 X Qs;

(5) a semidirect product C]’; x Cy, where p is an odd prime and t > 1 is an integer;
(6) a Frobenius group C% x C,,, where p is an odd prime and t > 2 is an integer;
(7) a Frobenius group sz; x Cy, where p is an odd prime and t > 1 is an integer;

(8) a Frobenius group P x C,;, where P is a p-group with exp(P) = p and p,q
are distinct odd primes;

(9) a direct product Cy x H, where H is of type (1), (7) or (8); if H is of type
(1), p is an odd prime.

It is known that the order |G| and the set 7.(G) formed of the element orders
of a finite group G can be used together in order to recognize finite simple groups
(Question 12.39 in the Kourovka Notebook [10]). The same-order type of a finite
group G may be also connected with finite non-abelian simple groups. For instance,
the main result of [12] states that 7.(G) = {1,15,20,24} if and only if G = As.
Also, in [9], Jafari Taghvasani and Zarrin proved that As is the only non-abelian
simple group having a same-order type formed of 4 elements.

Our aim is to study an arithmetical property of the same-order type of a finite
group. More exactly, we are interested in providing some results concerning the
classification and existence of finite groups G for which 7.(G) is an arithmetic
progression. We show that the maximum size of such a same-order type is 4. Our
main results concern the same-order types formed of 3 or 4 elements. More exactly,
we prove that if G is not a finite 2-group having more than one cyclic subgroup
and |7.(G)| = 3, then 7.(G) is an arithmetic progression if and only if G = Ss.
Also, we show that there are no finite nilpotent groups whose same-order types are
arithmetic progressions formed of 4 elements.

We end this section by mentioning that several older and recent papers concern-
ing arithmetical properties of some finite sets formed of different quantities related
to finite groups were written. For instance, in [3, 4], Bianchi et al. classified all
finite groups whose conjugacy class sizes form an arithmetic progression. Also, let
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us denote by 75(G) the set of proper subgroup orders and by m,s(G) the set of
proper abelian subgroup orders of a finite group G. We recall that the main results
of Brandl and Shi [5], Shi [13], Feng [6] and Tarnduceanu [14] highlighted all finite
groups G such that m.(G), 7s(G) and 7,5(G) are arithmetic progressions.

2. Main results. Let G be a finite group and let n be a positive integer such
that n||G|. We denote by s, and ¢, the number of elements of order n and the
number of cyclic subgroups of order n of G, respectively. Also, Euler’s totient
function is denoted by ¢. We recall some preliminary results through the following
lemma.

LEMMA 2.1. Let G be a finite group. Then the following statements hold:

(i) (see Section 2 of [7]) Ifn is a positive integer such that n||G|, then n| > sp,.

m|n

(ii) (see Theorem 1 of [8]) If p is a prime number such that p||G|, then s, =
—1 (mod p).

(iii) (see Lemma 3.1 of [11]) If |G| is odd, |7.(G)| = 3 and p, q are distinct prime
divisors of |G|, then s, # s,.

(iv) (see Lemma 3 of [12]) If |G| > 2 and s is the maximal number of same order
elements in G, then |G| < s(s? — 1).

If one wants to find a finite group G whose same-order type 7.(G) is an arith-
metic progression, the first step is to determine the maximum size of 7.(G). Hence,
the following proposition is a key result for our study since it answers the previous
question.

PROPOSITION 2.2. Let G be a finite group such that its same-order type 7.(G) is
an arithmetic progression. Then |1.(G)| < 4.

Proof. Let G be a finite group such that 7.(G) is an arithmetic progression of
ratio r > 1. Suppose that |7.(G)| > 5. Then 7.(G) contains the odd integers
1+ 2r > 2 and 1+ 4r > 2. This is not possible since the number of elements of G
of given order n > 2 is always even, as they come in pairs {g, g~ !}. Consequently,
|7 (G)] < 4. O

We can say that if G is trivial or G = Cs, then 7.(G) = {1} is an arithmetic
progression if we take into consideration the possibility of setting a null ratio. Also,
it is obvious that the same-order types of all finite groups listed in Theorem 1.1
are arithmetic progressions for different positive ratios. More exactly, we have
the same-order types 7.(P) = {1,|P| — 1}, 7.(Qs) = {1,6}, 7.(C4) = {1,2} and
Te(Cy x Py) = {1,|P1| — 1}. According to Proposition 2.2, it remains to see if there
are any finite groups G whose same-order types 7.(G) are arithmetic progressions
containing 3 or 4 elements. In what follows, we study these two remaining scenarios.
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THEOREM 2.3. Let G be a finite group with |1.(G)| = 3 which is not a 2-group with
more than one cyclic subgroup of order 2. Then 7.(G) is an arithmetic progression
if and only if G = Ss.

Proof. Let G be a finite group such that |7.(G)| = 3. Then G is isomorphic to
one of the groups listed in Theorem 1.2. Moreover, we suppose that 7.(G) is an
arithmetic progression of ratio r > 1, so 7.(G) = {1,1 4+ r,1 + 2r}. We need to
analyse 9 cases corresponding to the classification given by Theorem 1.2.

Case 1. Assume that G = P, where P is chosen such that it is not a 2-
group having more than one cyclic subgroup of order 2. If P is a 2-group with
an unique cyclic subgroup of order 2, then, according to Proposition 1.3 of [2], we
have G 2 Cyr or G =2 @y, where k > 3 is an integer and

Qu =(wy|2®  =y'=10"=2" 7
is the generalized quaternion group. If G = Cyr, then 7.(G) = {1,s4 = p(4), ..., Sor
= p(2%)}. Since |7.(G)| = 3, we have G = Cs, so 7.(G) = {1,2,4} which is not an
arithmetic progression, a contradiction. If G = Qo+, we may suppose that k£ > 4
since |7.(Qg)| = 2. We have 7.(G) = {1,554 = 2(1 +2F72), 55 = ¢(8),..., 8961 =
©(2¥=1)}. Our hypotheses lead to G = Q16 and 7.(G) = {1,4, 10}, a contradiction.

If P is a p-group and p is odd, we may assume that exp(G) > p? since |7.(G)| =
3. We have s, = ¢(p)c, and s,2 = ©(p?)c,2. Then pls,2 and, since s, = —1 (mod p)
by Lemma 2.1 (ii), the same-order type of G is 7.(G) = {1, sp, s,2}. But both s,
and s,2 are even. Therefore, 7.(G) is not an arithmetic progression, a contradiction.

Cases 2, 3 and 4. Assume that G = Cia, G = SL(2,3) or G = C7 x Qs.
Then 7.(G) = {1,2,4},7.(G) = {1,6,8} or 7.(G) = {1,6,36}, respectively. None
of these is an arithmetic progression, a contradiction.

Case 5. Suppose that G = C’It) x Cy, where p is an odd prime and ¢ > 1.
Then s, = p' — 1 and s4 = ¢p(4)cs. Since ¢4 > 1, according to Sylow’s 3rd
Theorem, we obtain p|cs, so p|ss. Then s, # s4 and the same-order type of G is
Te(G) = {1, 84, sp}. However, both s4 and s, are even. Consequently, 7.(G) is not
an arithmetic progression, a contradiction.

Case 6. Let p be an odd prime and ¢ > 2. Suppose that G = C4 x C),. Since
sy =28 —1is odd, s, = ¢(p)e, is even and 7.(G) = {1, s2, s,} is an arithmetic
progression, we deduce that s, = 1+ r and sy = 1+ 2r. Then r = 2t=1 — 1 and
sp =271 We have 1 + s5 + 5, = 3-2"! < |G/, so G contains elements of order
2p. Since sgy, is even, it follows that sg, = s,. By Lemma 2.1 (i), we get 2p|4 + 4r,
so p|1+r. Hence, s, =0 (mod p). On the other hand, by Lemma 2.1 (ii), we have
sp = —1 (mod p), a contradiction.

Case 7. Assume that G = C; x Co, where p is an odd prime and ¢t > 1. Then
sp =p' —1is even and sy > 1 is odd by Lemma 2.1 (ii). Since 7.(G) = {1, s2, s}
is an arithmetic progression, we obtain s, = 1 + 7 and s = 1 4 2r. Consequently,
r = p' — 2. Note that 7.(G) = {1,2,p}. Hence |G| =1+ s3 + s, and this leads to
pt=3. Thenp=3,t=1and G = Ss.

Case 8. Let p,q be distinct odd primes. Suppose that G = P x Cy, where P
is a p-group with exp(P) = p. Assume that |P| = p’, where ¢t > 1 is an integer.
Then s, = p' — 1, while s, = p(q)c,. By Lemma 2.1 (iii), we know that s, # s,, so
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the same-order type of G is 7.(G) = {1, sp, s4}. However, both s, and s, are even
integers. Consequently, 7.(G) is not an arithmetic progression, a contradiction.

Case 9. By Theorem 1.2, we assume that G = Cy x H, where H is of type (1),
(7) or (8). If H is of type (1) or (8), then 7.(G) = 7.(H). Consequently, one can
replicate the reasoning used in the second paragraph of Case I and the arguments
used to solve Case 8 to arrive at a contradiction. It remains to check what can be
said if H is of type (7), i.e. G = Cy x (C} x Cy), where p is an odd prime and ¢ > 1.
Since s, = s9, = p' — 1 is even, s is odd and 7.(G) = {1, s2, s, } is an arithmetic
progression, we have s, = sgp, = 14+ 7 and sy = 1 + 2r. It follows that r = p* — 2.
Also, 7(G) = {1,2,p,2p}, so |G| =1+ sa + s + S2p. This leads tor =p' — 1, a
contradiction.

Conversely, if G 2 Ss, we get 7.(G) = {1, 2,3}, which is an arithmetic progres-
sion of ratio r = 1. Hence, our proof is complete. a

For k > 3, we denote by Dy« the finite dihedral group with 2% elements. Its
well-known structure is given by

1 k—1_
=y?=12Y =2 1y,

Dy = (z,y | 2
Remark that the result given by Theorem 2.3 holds if G is not a 2-group having
more than one cyclic subgroup of order 2. If G is such a group, then 7.(G) can
be an arithmetic progression. Using GAP [15], we saw that the first group whose
same-order type satisfy this property is Cg x C7 (SmallGroup(32, 43)). Its same-
order type is {1,8,15}. Then, we checked the finite groups of order 64, 128 and
256. For each of these orders, we found 3 examples:

— order 64: C3 x D16 (SmallGroup(64, 128)), Cy x (Cg x C32) (SmallGroup(64,
254)), Dg o D1g (SmallGroup(64, 257)); these groups have the same-order
type {1,16,31};

— order 128: Cq x (C2 x D1g) (SmallGroup(128, 1728)), C2 x (Cg x C3) Small-
Group(128, 2310), Cy x (Dg o D1g) (SmallGroup(128, 2313)); these groups
have the same-order type {1, 32,63};

— order 256: C2 x (C2 x Dyg) (SmallGroup(256, 53335)), C3 x (Cg x C2)
(SmallGroup(256, 56069)), C3 x (Dg o D1g) (SmallGroup(256, 56072)); these
groups have the same-order type {1, 64, 127}.

Hence, to complete the result given by Theorem 2.3, one would need to solve
the following open problem:

OPEN PROBLEM. Classify all finite 2-groups whose same order types are arith-
metic progressions formed of 3 elements.

If we consider the finite groups G = CgxC3, Go =2 C2x D1 and G5 = Dgo Dy,
then C% x G1, C x Gy and C} x G35, where ¢t > 0 is an integer, are for sure in-
cluded in the answer to the above problem. Their same-order types are arithmetic
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progressions of the form {1, %, % — 1}, for i € {1,2,3}.

In what follows, we are interested in studying the possibility of finding finite
groups whose same-order types are arithmetic progressions formed of 4 elements.
Our following main result states there is no finite nilpotent group G having this
property. Firstly, we prove the following preliminary result.

LEMMA 2.4. Let G be a finite group of odd order such that |7.(G)| = 4. Then
7.(Q@) is not an arithmetic progression.

Proof. Let G be a finite group of odd order whose same-order type 7.(G) is formed
of 4 elements. Then 7.(G) = {1, s, Sm, Sn}, where I > 3,m > 3 and n > 3 are
distinct odd divisors of |G|. Since (1), ¢(m) and p(n) are even integers, it follows
that s;, s, and s, are also even integers. Hence, 7.(G) cannot be an arithmetic
progression. O

Next, we consider the case of finite p-groups.

PROPOSITION 2.5. Let G be a finite p-group such that |7.(G)| = 4. Then 7.(G) is
not an arithmetic progression.

Proof.  Let G be a finite p-group such that |7.(G)| = 4. If co = 1, by following
a similar argument as the one which was written in the first paragraph of Case 1
in the proof of Theorem 2.3, one obtains G = Cig or G = @Q32. Then 7.(G) =
{1,2,4,8} or 7.(G) = {1,4,8,16}. None of these same-order types is an arithmetic
progression.

Further, we suppose that ¢ > 1. Assume that 7.(G) is an arithmetic pro-
gression of ratio r > 1. Then 7.(G) = {1,1+ r,1 + 2r,1 4+ 3r}. According to
Lemma 2.4, it follows that p = 2, so G is a 2-group of order 2, where k > 4.
Since so = co > 1 is odd and s4 is even, the same-order type of G can be written
as 7.(G) = {1, 82,84, S2a }, where a > 3 and sqa is even. Then s4 = 1+ r and
S9a = 1+ 3r or s4 =1+ 3r and s9« = 1 + 7. Since 4|s9a, we get 4|1 + 3r or
414+ r. Then r = 4¢ + 1 or r = 4t + 3, where ¢t > 0. If we evaluate s4, we obtain
s4 = 2 (mod 4) in both cases. On the other hand, we have s4 = ¢(4)cy. Conse-
quently, ¢4 must be an odd integer. According to Theorem 6 of [1], it follows that
G = C%,G = Qor,G= Dy or G = Syr, where

1 k—2_
:y2:1’l‘y:1}2 1>

Spe = (w,y | 2
is the semidihedral (quasidihedral) group with 2% elements. The first two cases
were previously eliminated. If G 22 Dok, then s4 = 2 and s, = 2°~1 + 1. Since
s4 =141 or sy =1+ 3r, we obtain » = 1. Therefore, s, = 3 and this leads to
k = 2, a contradiction. If G = Syi, then s; = 2F72 + 1 and s4 = 2¥72 + 2. Since
89 < 84, we have s4 = 1+ 3r and sqa = 1 4+ r. Consequently, s4 — so = r and we
deduce that » = 1. Then sga = 2, but we recall that 4|sc.. Hence, we arrive at a
contradiction and our proof is finished. a
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Finally, we extend our previous result to the class of finite nilpotent groups.

THEOREM 2.6. Let G be a finite nilpotent group such that |7.(G)| = 4. Then
7(G) is not an arithmetic progression.

Proof.  Let G be a finite nilpotent group such that |7.(G)| = 4. Assume that
Te(G) is an arithmetic progression of ratio » > 1. Then, according to Lemma 2.4
and Proposition 2.5, 2||G| and there is an odd prime p such that p||G|. Since G is
nilpotent, we have G &2 H x K, where H is the Sylow 2-subgroup of G and H is
the direct product of all other Sylow subgroups of G. If sy = 1, then H = Cy and
Te(G) = 7 (K). In this case, K would be a group of odd order such that its same-
order type is an arithmetic progression formed of 4 elements. However, by Lemma
2.4, there are no such groups. Consequently so > 1 and 7.(G) = {1, s2, Sp, S2p }-
Once again, since sy is odd, we have so = 1+ 2r. Also, s3, = S25, > Sp, SO
sp =147 and s9p =1+ 3r. Then 1+ 3r = (1+2r)(1+r) and this leads to r = 0,
a contradiction. a

Therefore, if there is a finite group G such that |7.(G)| = 4 and 7.(G) is an
arithmetic progression, then G is non-nilpotent. We were not able to prove or
disprove the existence of such a group. Hence, we add a second open problem.

OPEN PROBLEM. Is there any finite non-nilpotent group whose same-order type
is an arithmetic progression of length 47

According to Lemma 2.4, to provide an answer to the above question it would
be sufficient to consider the finite non-nilpotent groups of even order. Using GAP,
we checked all such groups G for which |G| < 1000. None of them satisfies the
above arithmetical property. Consequently, according to Lemma 2.1 (iv), if G is a
finite group such that |7.(G)| = 4 and 7.(G) is an arithmetic progression of ratio
r, then r > 3. Also, it is easy to check that r must be odd. Hence, there are no
finite groups whose same-order types are {1,2,3,4} or {1,4,7,10}. Also, in the
first section, we recalled that As is the only finite non-abelian simple group whose
same-order type is formed of 4 elements. Since 7.(As) = {1, 15,20,24} is not an
arithmetic progression, it is clear that there are no finite non-abelian simple groups
whose same-order types are arithmetic progressions formed of 4 elements.
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